Abstract: Canards are characteristic phenomena of singularly perturbed systems with multiple time scales. Using the Bonhoeffer-van der Pol equations, we perform asymptotic analysis to obtain the parameter values where a canard solution exists. Although the system is two-dimensional, the numerical computations of the equations show a seemingly chaotic phenomenon at these parameter values. Consequently, high-precision numerical computations are employed to quantitatively evaluate both the convergent and divergent dynamics near a canard solution. The numerically produced fake chaos is attributed to insufficient precision of the stable dynamics.
Introduction
Natural phenomena, such as chemical reactions, biological processes, and also electrical circuits, are often described by dynamical systems with multiple time scales. These systems are called singularly perturbed or slow-fast systems. A singularly perturbed system consists of slow and fast subsystems, which describe the dynamics on the slow and the fast time scales, respectively.
Singularly perturbed systems exhibit characteristic phenomena such as relaxation oscillations [1] and canards [2] . Relaxation oscillations are oscillations whose orbits consist of both fast-moving and slow-moving portions in the phase plane. Various asymptotic analysis methods have been developed to investigate relaxation oscillations [3, 4] . Canards are special periodic orbits that follow both the attracting (stable) and repelling (unstable) portions of a critical manifold (a set of equilibria of the fast subsystem). Since their initial discovery [2] , plenty of researches on canard solutions have been done. The classic canards were in two-dimensional systems. Canards in three-dimensional systems have also been analyzed [5] . Recently, more complicated mixed-type canards and their relevance to bursting oscillations have been reported [6] .
Canards are the origin of rich dynamics and are relevant to various phenomena. For example, canards follow the unstable part of a critical manifold, which corresponds to the "quasi-threshold" in neuronal models [7] . Since the dynamics near such a quasi-threshold are unstable and expanding, canards produce a chaotic behavior if they are forced even by very small signals [8] . The so-called mixed mode oscillations (MMOs) [9] [10] [11] are intensively related to canards.
Since canard orbits follow the unstable branch of a critical manifold and exist only in a very narrow (exponentially small) range of parameter values, it is difficult to obtain canard solutions by numerical simulation. The approximate parameter values where canards exist can be obtained by asymptotic analysis [12, 13] . Because canards are special solutions, their numerical computations can be problematic (e.g., the numerical integration of canard solutions in a two-dimensional system results in fake chaotic solutions [14] ). Although many numerical methods based on shooting, two-point boundary value problem, numerical continuation, and their combinations [15] [16] [17] [18] [19] have been proposed in order to overcome the difficulty in the numerical integration of canards and to obtain canard solutions correctly, we still consider the problem of numerical integration of canards. Neuronal models such as the Hodgkin-Huxley (HH) equations [20] and the Bonhoeffer-van der Pol (BVP) equations (or FitzHugh-Nagumo equations) [7] are typical examples of a singularly perturbed system. Moehlis [12] analyzed the canards of a reduced version of the HH equations. In the present paper, we analyze the canards of the BVP equations. Although we consider classical canards using this simple and low (two)-dimensional systems, we mainly pay our attention to the stable dynamics rather than the unstable dynamics, whereas it is usually considered that the difficulty of numerical integration comes from the unstable dynamics of canards.
This paper is organized as follows. In section 2, we obtain the parameter values where the BVP equations possess canard solutions using Moehlis' asymptotic method [12, 13] . We also show that "fake" chaotic orbits appear in the numerical computations of canards even though the BVP equations are two-dimensional systems. Using a high-precision computation library (MPFR: Multiple Precision Floating-point Reliable library), we show that the fake chaos may be attributed to the insufficient precision in the numerical computation. Although this result may be expected, the relation between the numerical precision and the convergent (divergent) dynamics near the stable (unstable) branch of the critical manifold is quantitatively analyzed. Section 3 shows that the fake chaos originates from the insufficient precision near the stable branch. Although numerical computation difficulties of canards have already been noted [14] , a detailed quantitative analysis has not yet been conducted. Finally, section 4 provides our conclusions.
BVP equations, canard solutions and fake chaos

BVP equations and canards
Consider the following Bonhoeffer-van der Pol (BVP) equationṡ
whereẋ means dx/dt and 0 < ε 1. Because x varies faster than y, x is called the fast variable and Eq. (1) is called the fast subsystem. On the other hand, y is called the slow variable and Eq. (2) is the slow subsystem. A set of equilibrium points of the "fast subsystem" is {(x, y) | f (x, y) = 0}, and is called the critical manifold. The critical manifold is the same as the x-nullcline (ẋ = 0) because the fast subsystem is one-dimensional. In the context of neuronal models, x denotes the fast spiking process of neurons, while y denotes the slow recovery (or refractory) process. The BVP equations are typical examples of singularly perturbed dynamical systems.
Singularly perturbed systems exhibit interesting and special phenomena such as canards. Canards, which means duck in French, are named such because their orbits resemble a duck. Because canard solutions exist in a narrow parameter range, determining such values by trial-and-error numerical simulations is difficult. Moehlis developed a systematic asymptotic analysis method to approximate the parameter values where canards appear [12] . Using this method, we obtained the parameter values where the BVP equations possess the canard solutions (Details of the asymptotic analysis are explained in section 3). (Table I) . Table I . ( The parameter values in Table I are obtained by asymptotic analysis. We show the detail of the asymptotic analysis in the next subsection.) The orbits follow the x-nullcline (or the critical manifold). Considering the stability of the equilibrium points in the "fast subsystem," the part of the x-nullcline for |x| ≥ 1 is called the stable branch and the part for |x| < 1 is called the unstable branch. Near the stable branch, orbits converge as they are attracted to the stable branch. In contrast, orbits near the unstable branch diverge as they repel the unstable branch. A characteristic feature of canards is that the orbits follow the unstable branch as shown in Fig. 1 . Note that the sizes of the canard orbits grow drastically with a small change in the parameter value. This parameter sensitivity is another characteristic feature of canards. Fourth-order Runge-Kutta method was used for the numerical integration throughout the paper.
Asymptotic analysis of canards
Because the asymptotic method proposed by Moehlis [12, 13] can determine the parameter values where canards exist, we applied this method to two-dimensional BVP equations (1, 2). Moehlis' method approximates both the canard manifold (part of the canard solution) and the parameter value where the canard manifold exists. A canard manifold, which is an invariant manifold that exists in the O(ε) distance to the x-nullcline, consists of both stable and unstable manifolds. In this section, we explain briefly the asymptotic analysis.
We try to find the canard manifold y(x) as a function of x. In the asymptotic analysis, we can also obtain the parameter value where BVP equations (1, 2) possess a canard manifold. Solution orbits of BVP equations (1, 2) satisfy the following equation
where y = dy/dx. We expand b and y in powers of ε as
Substituting Eqs. (4) and (5) to Eq. (3) gives
where α(x, y 0 ) := x − x 3 /3 − y 0 . Equating the O(ε 0 ) terms on the left-and right-hand sides of Eq. (6) yields α(x, y 0 )y 0 = 0.
Because we consider y(x) to be an approximation of the canard manifold, α(x, y 0 ) = 0 to prevent a trivial y 0 . Thus,
Next considering the O(ε 1 ) terms in Eq. (6), we obtain
which gives
To keep y 1 bounded at x = −1 (y 0 = 0), it is necessary that lim x→−1
Thus,
Consequently
To keep y 2 bounded, it is necessary that lim x→−1
which gives b 1 = 1/8. We iterated this calculation to approximate a canard manifold and the parameter value where it exists. Table I (a) shows the first seven values for b k . Using these b k 's, the parameter value approximated by the asymptotic expansion to degree n can be expressed as
Several values of B n, ε when ε = 0.1 are shown in Table I (b). Table II shows the approximations with various degrees for the parameter values where a canard exists in the BVP equations when ε = 0.01, which is a smaller value compared to the previous examples. Figure 2 shows the numerically computed canard orbits using the approximated parameter values in Table II . The orbits in Fig. 2 (a) are canards with b = B 1, 0.01 , B 3, 0.01 , B 5, 0.01 . All orbits follow both the unstable and stable branches of the x-nullcline, confirming that canards exist in the BVP equations with ε = 0.01. As the approximation degree n of the parameter value increases, the canards become larger. The orbit in Fig. 2(b) is a canard with a higher degree of b = B 7, 0.01 . Although the orbit follows both the unstable and stable branches, it does not appear to converge into a single closed orbit; instead, it looks like a quasi-periodic orbit (torus solution). Such a torus solution is theoretically impossible in a two-dimensional system.
Fake chaos and high-precision computations
Further increasing the approximation degree of the parameter causes an even stranger orbit to appear. The orbit in Fig. 2(c) is a canard with b = B 9 , 0.01 , and Fig. 2(d) is a magnification of Fig. 2(c) near the unstable branch of the x-nullcline. Figure 2(e) shows the time course of the orbit in Fig. 2(c) . The orbit in Fig. 2(c) is broken into vertical sections from the unstable branch near the point (x, y) = (−0.6, −0.5) and it looks like a "chaotic solution", which is also impossible in a two-dimensional system.
Assuming that the lack of precision in numerical computations generates the theoretically impossible and strange orbits, we analyzed these strange orbits using a high-precision computation library [21] , MPFR (Multiple Precision Floating-point Reliable library) [22] . Using MPFR, we can arbitrarily set the mantissa precision of the floating-point. We set the mantissa precision to 200 bits. Figure 3 shows the canard orbit computed using the same parameter value as the one in Fig. 2(c) . However, the Fig. 3(a) . strange orbits are not observed, suggesting that the strange orbits are due to rounding errors.
Why does a strange orbit (fake chaos), such as the one in Fig. 2(c) , appear if the precision of the numerical computation is insufficient? We hypothesized that a low-precision computation would resemble the schematic illustration in Fig. 4 . The broken curve shows the stable and unstable branches of the critical manifold (x-nullcline). Five (numerical) orbits start from the initial values on the section y = y s (the zigzag curves with small arrows). The orbits converge very quickly and their distance may shrink more than the limit of the numerical precision as they move along the stable branch of the critical manifold. Then, the only significant difference is the numerical (rounding) errors. Due to these errors, the orbits may "cross" each other, destroying the regular alignment (numbered from one through five in the figure) . If the orbits turn the bend between the stable and unstable branches (the "knee" of the critical manifold) and proceed along the unstable branch, the difference (in the size of precision) expands due to the unstable and divergent dynamics. Eventually the orbits deviate either upward or downward from the critical manifold and their order (or the numbering) may be destroyed by the precision errors. Thus, we hypothesized that the fake chaos originates from precisions errors and that a sufficient numerical precision near the stable branch of the critical manifold is important to compute canard solutions correctly.
Origin of fake chaos
Approximation of the convergent and divergent dynamics near the critical manifold
To verify the validity of the above hypothesis, we evaluated the dynamics of the BVP equations near the critical manifold (x-nullcline)ẋ = 0 quantitatively. Then we showed that a sufficient precision near the "stable" branch of the critical manifold is important to numerically compute canard solutions correctly, while an insufficient precision produces a fake chaos.
To evaluate the convergence (divergence) rate in the x-direction near the stable (unstable) branch of the critical manifold, first, the time scale of the BVP equations is changed to the slow time scale. Setting τ = εt, the BVP equations read
Letx(τ ) be the x-component of a solution of the BVP equations and substituting
for Eq. (16), we obtain
where we assume that the variation δ(τ ) is sufficiently small.
This is a variational equation of the BVP equations for the x-component. Because we cannot obtain the solutionx(τ ) analytically, the solution is approximated by the solution of the BVP equations in the singular limit ε = 0, which moves exactly on the critical manifold.
In the singular limit ε → 0, BVP equations (16, 17) become
Using Eq. (21), Eq. (22) becomes
Hence
which describes the dynamics on the critical manifold in the singular limit ε = 0. We approximatê x(τ ) in Eq. (20) (a solution of BVP equations (16, 17) ) by the solution of Eq. (24). Using the variational equation (20), we can evaluate the convergence (divergence) rate in the xdirection near the stable (unstable) branch of the critical manifold; that is, we evaluate how fast the variation δ(τ ) in Eq. (20) converges (diverges) as the solution moves along the stable (unstable) branch. Figure 5 shows the evaluation result where the solid (lower) curve shows |δ(τ * )/δ(0)| as a function of y initial when τ * is the time that the solution of BVP equations (16, 17) starting from (x(0), y(0)) = (x initial , y initial ) arrives at the endpoint of the stable branch of the critical manifold: y(τ * ) = −2/3 (see Fig. 1 ). The value of x initial is taken such that the initial point (x initial , y initial ) is located on the critical manifold
For example, from the solid curve in 
In-out analysis near the critical manifold
To validate the previous approximation results, we conducted "in-out analysis" to evaluate how the orbits that come "in" the stable branch of the critical manifold (x-nullcline) go "out" the unstable branch. Figure 6 (a) shows several orbits starting from different initial points on the section y = −0.6. The orbits approach the stable branch of the critical manifold, follow both stable and unstable branches, and finally leave the unstable branch between y = −0.6 and y = −0.57. This result is explained by the above evaluation of convergent and divergent dynamics near the critical manifold. In (Fig. 6(d) ), the orbits maintain the O(10 −38 ) differences at the endpoint of the stable branch. Thus, the orbits proceed along the unstable branch longer than the orbits in Fig. 6(c) .
Note that the orbits in 
Effects of the discretization size in numerical computations
The main factor for generating strange orbits such as fake chaos is the precision or rounding errors near the stable branch of the critical manifold. However, errors due to the numerical integration method such as the Runge-Kutta method and its discretization step size also affect the canard computation. For example, the fourth-order Runge-Kutta method has an error of O(h 4 ) where h denotes the discretization step size of time. Thus, we examined briefly such effects. Figure 7 shows the influence of the discretization step size on canard solutions for several values of the parameter b with different approximation orders. Various orbits with different discretization step sizes (h = 10 −2 , ..., 10 −5 ) are superimposed where the ninth-order approximation B 9, 0.01 of Eq. (15) ( Table II) is used for the value of the parameter b (Fig. 7(a) ); the four orbits almost overlap and are indistinguishable, indicating that the error of the numerical integration is negligible. Figure 7 (b) is the similar to Fig. 7(a) , except a higher-order approximation B 14, 0.01 is used for b, which results in larger canard orbits. These results demonstrate that the higher-order approximation B 14, 0.01 is a better approximation than B 9, 0.01 to compute the larger (better) canard orbits. The three orbits for h = 10 −3 , 10 −4 , 10 −5 but not the orbit for h = 10 −2 overlap, showing that the numerical error of O(h 4 ) for h = 10 −3 is sufficiently small to compute the canard orbit. The sizes of the three orbits are larger than the orbit for h = 10 −2 , indicating that the orbit for h = 10 −2 has a larger error than the other three orbits and cannot proceed in a longer distance along the unstable branch of the critical manifold. In Fig. 7(c) , much higher-order approximation B 19, 0.01 is used for b, and the size of canard Similarly, the size of canard orbit increases as the value of h decreases in Fig. 7(d) . The two orbits for h = 10 −5 , 10 −6 overlap. The sizes of all eight orbits for h = 10 −2 , ..., 10 −8 differ in Fig. 7(e) . Thus, further decreasing the size of h may increase the canard size. Because the smaller h requires longer computational time, we did not execute such numerical computations. Increasing the approximation order n of B n, ε for b yields a larger canard orbit (Fig. 7) . As the size of the canard orbit increases and the distance of the orbit along the unstable branch increases, a smaller step size h is required because the expansion rate of error increases along the unstable branch. Although the size of canard depends on the discretization error, such a discretization error for the numerical integration does not generate strange orbits like fake chaos.
Conclusions
We analyzed the canard solutions using the BVP equations. Through the asymptotic analysis, we obtained the approximate parameter values where the equations have canard solutions. Numerical simulations show that fake chaotic solutions appear as the order of the approximation becomes higher. We employed a high-precision computation library and hypothesized that the insufficient precision may be responsible for the fake chaos generation. Then we evaluated quantitatively both the unstable and stable dynamics near the canard orbits and showed that the insufficient precision not in the unstable dynamics but in the stable dynamics is the main reason for fake chaos generation.
Although Guckenheimer et al. [14] showed that fake chaos appears in the numerical integration of canard solutions, they focused on the unstable dynamics of canards. Furthermore, we presented a quantitative description of the required precision to numerically compute the canard solutions accurately with respect to the distance where the canard moves along the stable branch of the critical manifold (or the size of canard).
We showed the results for the two-dimensional BVP equations only. We conducted similar asymptotic analysis of canards for the extended (three-dimensional) BVP equations and showed that fake chaotic solutions appear in the equations also [23] . Although chaotic solutions are theoretically possible in such a three-dimensional system, we showed the chaotic solutions are fake and the generation mechanism for fake solutions is the same as the two-dimensional system based on the quantitative evaluation of convergent (stable) and divergent (unstable) dynamics of the three-dimensional BVP equations. For the conciseness and clarity of presentation, only the results for the two-dimensional BVP equations are shown in the present paper.
